Chapter 3

Hahn-Banach Theorems

3.1 Analytic Versions

The analytic form of the Hahn-Banach theorem concerns the extension
of linear functionals defined on a subspace of a normed linear space to
the entire space, preserving the norm of the functional. We will prove a
slightly more general result in this direction.

Theorem 3.1.1 (Hahn-Banach Theorem) Let V' be a vector space
over R. Letp:V — R be a mapping such that

plaz) = ap(z)
pz+y) < p(m)+p(y)} (31.1)

forallz and y € V and for all o > 0 in R. Let W be a subspace of V
and let g: W — R be a linear map such that

9(z) < p(z)

for allz € W. Then, there ezists a linear extension f: V — R of g (i.e.
f(z) = g(z) for all £ € W ) which is such that

f(z) < p(z)
forallzeV.

Proof: Step 1. Let P denote the collection of all pairs (Y, k), where Y
is a subspace of V containing W and h : Y — R a linear map which is
an extension of g and which is also such that

h(z) < p(z)
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for all z € Y. Clearly P is non-empty, since (W, g) € P. Consider the
partial order defined on P by

(Y,h) = (Y,h)

if Y C Y and h is a linear extension of h. Let Q = {(Y;,h;) | i € I} be
a chain in P. Define
Y = Uier;

and let h : Y — R be defined by h(z) = hi(z) if z € Y;. Since Q is a
chain, it is immediate to see that h is well defined and also that it is a
linear extension of each of the h;. Also h(z) < p(z) for all z € Y. Thus,
(Y,h) € P and (Y;, ki) < (Y, h) for each ¢ € I and thus every chain has an
upper bound. Hence, by Zorn’s lemma, P has a maximal element (Z, f).

Step 2. We will show that Z = V, which will complete the proof.
Assuming the contrary, let zo € Z. Consider the linear subspace of V'
given by

Y = {z+tzg |z € Z, teR}.

We will define a linear extension h : Y — R of f such that (Y,h) € P,
thus contradicting the maximality of f. Define

h(z +txg) = f(z)+ ot

where a will be suitably determined. In order that (Y, k) € P, we need
that
f(z) + ot < p(z+ tzg)

for all z € Z and for all t € R. If t > 0, this reduces to (in view of

(3.1.1))
() s o)

or, equivalently,

f(z)+a < p(z+ zo) (3.1.2)
for all z € Z. Similarly, by considering ¢t < 0, we deduce that
f(z) —a < p(z—x) (3.1.3)

for all z € Z. In other words, it is necessary that a be chosen such that

sup(f(z) — p(z — z9)] < a < inf[p(z + 20) — f(z)]. (3.1.4)
zeZ z€Z
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But, for all z and y € Z, we have

f@)+fly) = flx+y) < plz+y) < p(z+20) + p(y — 7o)

or, equivalently,

f(y) —p(y —z0) < p(z+ x0) — f(2)-

Hence, it is possible to choose a such that (3.1.4) is true, giving the
desired contradiction, which completes the proof. B

Theorem 3.1.2 (Hahn-Banach Theorem) Let V' be a normed linear
space over R. Let W be a subspace of V and let g : W — R be a
continuous linear functional on W. Then there exists a continuous linear
extension f: V — R of g such that

Ifllve = llgllw-.

Proof: Set p(z) = ||g|lw-||z||- Then p verifies (3.1.1). Also g(z) < p(z)
for all z € W. Thus, there exists a linear extension of g, viz. f: V — R
such that, for all z € V, f(z) < ||g|lw+||z||. This implies that f is con-
tinuous and that ||f||v < ||g|lw=+. But, since f = g on W, it follows that
we do have equality of the norms of f and g. This completes the proof. B

We will now prove the same result for complex vector spaces.

Proposition 3.1.1 Let V be a normed linear space over C. Let f :
V — C be a continuous linear functional. Let f = g+ ih where g and h
are real valued linear functionals. Then

f(z) = g(z) —ig(iz)
for allz € V and, further, ||f|| = |lg]l-

Proof: Let z € V. Then f(iz) = if(z). Expressing this in terms of the
real and imaginary parts of f, we get

g(iz) + ih(ix) = ig(z) — h(z)

which shows that h(z) = —g(iz). Now, let f(z) = e®|f(z)| where
0 € [0,27). Then,

f@@)] = e?f(@) = fe¥z) = g(e “x)
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since the left extreme of the above relation is real. Thus |f(z)| < ||gf| |||l
which implies that ||f|| < ||g||. On the other hand,

1f@)I* = lg(z)* + |h(z)

which yields |g(z)| < |f(z)| < [|f]| llz]| whence we get ||g]| < || f[|. This
completes the proof. B

Theorem 3.1.3 (Hahn-Banach Theorem) Let V' be a normed linear
space over C. Let W be a subspace of V and let g : W — C be a
continuous linear functional on W. Then there exists a continuous linear
extensiof f : V — C of g such that

Ifllve = liglw-.

Proof: Let g = h(z) — th(iz) where h is the real part of g. We consider
V as a real normed linear space by restricting ourselves to scalar multi-
plication by reals only. Then, there exists h : V' — R which is a linear
extension of h and such that ||h|ly+ = ||h|w+. Now set

f(z) = h(z) - ih(iz)

for all z € V. Then, clearly, f(z+y) = f(z)+ f(y) and, for real scalars
a, f(az) = af(z). Now,

fliz) = h(iz) —ih(-z) = i(h(z) —ih(iz)) = if(z)

and thus f is complex linear as well. Further, by the preceding propo-
sition,

Ifllve = lkllvs = [kllw= = llgllw-

This completes the proof. B

Corollary 3.1.1 Let V be a normed linear space and zg € V' a non-zero
vector. Then, there ezists f € V* such that ||f|| =1 and f(zo) = ||zoll-

Proof: Let W be the one-dimensional space spanned by zg. Define
g(azg) = al|zg||. Then ||g|lw+ = 1. Hence, there exists f € V* such
that || f|lv- = 1 and which extends g. Hence f(zo) = g(zo) = ||zo||. B

Remark 3.1.1 If V is a normed linear space and if z and y are distinct
points in V, then, clearly, there exists f € V* such that f(z) # f(y)
(consider zp = = — y # 0). We say that V* separates points of V. B
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Corollary 3.1.2 Let V be a normed linear space. Let z € V. then

R = fGV?.uﬁ)fHSllf(x)l N fevl-l?a!ﬁllglf(x)l' i)

Proof: Clearly, |f(z)| < ||f|l llz|| < ||lz|| when ||f|| < 1. On the other
hand, by the preceding corollary, there exists f € V* such that ||f|| =1
and f(z) = ||z|| when z is non-zero. Thus the result is established for
non-zero vectors and is trivially true for the null vector. B

Compare the relation

IFll = sup [f(z)], (3.1.6)

zeV, |lzl|<1

which is a definition, with the relation (3.1.5), which is a result of the
theory. In the former, the supremum need not be attained, while in the
latter the supremum is always attained and hence is a maximum.

This is the starting point for the investigation of a very nice property
of Banach spaces called reflexivity.

Let z € V and define

Jz(f) = .f(m)

for f € V*. Then, by virtue of (3.1.5), it follows that J, € (V*)* = V**
and that, in fact,
[ zllves = [lllv.

Thus J : V — V** given by z — J, is a norm preserving linear transfor-
mation. Such a map is called an isometry. The map J is clearly injective
and maps V isometrically onto a subspace of V**.

Definition 3.1.1 A Banach space V is said to be reflexive if the canon-
ical imbedding J : V — V**, given above, is surjective. B

Since V**, being a dual space, is always complete, the notion of re-
flexivity makes sense only for Banach spaces. By applying Corollary
3.1.2 to V*, it is readily seen that the supremum in (3.1.6) is attained
for reflexive Banach spaces. A deep result due to R. C. James is that
the converse is also true: if V is a Banach space such that the supremum
is attained in (3.1.6) for all f € V*, then V is reflezive. We will study
reflexive spaces in greater detail in Chapter 5.
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Example 3.1.1 Let 1 < p < co. Let p* be the conjugate exponent of
p (cf. Definition 2.2.1). Let y € £,». We already saw that (cf. Example
2.3.4) the linear functional f, defined on £, by

fy(x) = sz’yi
=1

for z = (z;) € £p, is continuous and that, in fact,

Il < Nwllpe-

Now, let f € £7. Define
fi = f(e)
where e; is the sequence whose i-th entry is unity and all other entries

are zero. Set f = (f;).
Let n be any positive integer. Define

0, if 1<i<n and f;=0,
I, = I.filp./fia if 1 S 7 S n and fi ?"’ 0:
{ 0o  ifi>n
Then, since it is a finite sequence, = (z;) € £, and z = Y., z;e;.
Thus,
n n
flz) =Y =zfi = Y |l
i=1 i=1
Consequently

SOIAF < Wl = 1617 (147)

i=1 i=1

using the definition of the z; and that of p*. This yields
1
n p*
(Swr)” <
i=1

Since n was arbitrary, we deduce that f € £,» and that |f||,» < || f|I-
For any z = (z;) € £,, we have ) ;. , z;¢; — z in £, and so, by the
continuity of f, it follows that

flz) = Z i fi
izl
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or, in other words, f = ff. Hence,

Ifllzs < WA < [IFllpe

as already observed.
Thus every element of the dual space of £, occurs in this fashion and
the map y — f, is an isometry of £, onto £;. Thus, we can write

f; - EP‘
using this isometry.
Similarly, we can write
e;- - fp.

It is easy to see that using these identifications of the dual spaces, the
canonical isometry from £, into £7* = £, is nothing but the identity map,
which is onto. Thus, the spaces £,, for 1 < p < oo are all reflexive. B

Remark 3.1.2 Though in the above example, we have not dealt with
the case of real and complex sequence spaces separately, it is customary
to identify the dual of the complex sequence space £, with £,« via the
following relation: if y € £p+, then we define f, € £} by

fy(z) = Zm,;"y_,:.
i=1

The mapping y € £+ — fy € {; satisfies fy4. = fy + f> and foy =0fy.
Such a mapping is called conjugate linear. This identification will be es-
pecially useful in the case of {3 which will be made clear when we study
Hilbert spaces (cf. Chapter 7). B

Example 3.1.2 Proceeding in a manner similar to that in the preced-

ing example, we can show that ¢ = /.. In other words, given any
continuous linear functional f on £;, we have

fl@) = ) xifi
i=1

for all z = (x;) € {1, where f; = f(e;). Further, setting f = (f;), we have
Ifllo = II£Il-
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We now show that there is no similar identification of £3, with ¢;.
Of course, if y € ¢;, the functional f, defined by

fy(m) = Z ZiY;
i=1

for all z = (z;) € £y is continuous and ||fy|| = |ly||1. But there exist
continuous linear functionals on £, which do not arise this way. So the
identity mapping of ¢; which is still the canonical imbedding of ¢; into
1%, is not surjective. Thus the space ¢, is not reflexive.

To see this, let G be the subspace of all convergent sequences in £,

For z = (z;) € G, define
g(z) = lim z;.
1— 00

Then g : G — R is linear and |g(z)| < ||z|lco- Thus, g is continuous as
well and so, by the Hahn-Banach theorem, can be extended to a con-
tinuous linear functional f on ¢, preserving the norm. We claim that
this continuous linear functional cannot be obtained from an element of
¢, by the above outlined procedure.

Assume the contrary and let y = (y;) € £; be such that f = f,.
Consider the sequence {z(™} in £., given by

" = {o,0,...,0,1,1,1,...}
where the 1's start from the n-th entry. Then [|z{™||,, = 1and z(® € G.

We have 5
1= f(a™) = Y w

i=n

which is impossible since y € £; implies that

o0

Dlwl — 0

i=n
asn—oo00. N

Remark 3.1.3 Since the canonical map J : V' — V** is an isometry, it is
injective. Thus, if V is finite dimensional, then dim(V**) = dim(V*) =
dim(V') and so, by dimension considerations, J has to be surjective as
well. Thus, every finite dimensional space is automatically reflexive.
In particular, for any positive integer N, we have that (£X)* = £J,
unlike what happens in the case of sequence spaces, as seen above. The
interested reader can try to prove this directly. B
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3.2 Geometric Versions

In this section we will study the geometric versions of the Hahn-Banach
theorem which concerns the separation of convex sets by means of hy-
perplanes.

Definition 3.2.1 Let V' be a real normed linear space. An affine hy-
perplane is a set of the form

H = {geV|f)=a
denoted by [f = o], where f is a non-zero linear functional on V. B

Proposition 3.2.1 A hyperplane [f = a] is closed if, and only if, f is
a continuous linear functional.

Proof: Clearly, if f is continuous, then [f = a] is closed. Conversely,
assume that the hyperplane H, given by [f = a], is closed. Then, its
complement H*€ is open and, since f # 0, it is non-empty.(For, if a # 0,
then 0 € HS if a = 0, and f # 0, there exists z € V such that f(z) # 0
and so z € H®.)

Without loss of generality, assume that o € H¢ is such that f(zg) <
a. Since HF is open, there exists 7 > 0 such that the open ball centered
at zo and of radius 2r, denoted B(zo;2r), is contained in H¢. Now, for
all x € B(x;2r), we have f(z) < a. (If not, there exists z; € B(zg; 2r)
such that f(z;) > a. Let

_ _f@)—a
f(zo) — f(z1)

Then 0 < t < 1 and, if z; = tz;+(1—t)xo, then f(z;) = a. But B(zg;2r)
is a convex set and so z; € B(zo;2r), which is a contradiction.)

Thus, for any z € V such that ||2|]| < 1, we get f(zo + rz) < a or,
equivalently,

t

a — f(zo)
s

f(z) <
Thus the image of the unit ball is bounded and so f is continuous. W

Proposition 3.2.2 Let C be an open and convex set in a real normed
linear space V such that 0 € C. Forz € V, set

p(z) = inf{a>0|a 'z e C}.
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(The function p is called the Minkowski functional of C.) Then, there
erists M > 0 such that

0 < pl) < Mo (3:2.1)
for allz € V. We also have

C = {zeV|p(z) <1} (3.2.2)
Further, p satisfies (3.1.1).

Proof: Since 0 € C and C is open, there exists an open ball B(0;2r),
centered at 0 and of radius 2r, contained in C. Now, if z € V, we have
rz/||z|| € C and so, by definition, p(z) < %||z|| which proves (3.2.1).

Let z € C. Since C is open, and since 0 € C, there exists € > 0 such
that (1 + &)z € C. Thus, p(z) < (1 +€)~! < 1. Conversely, let z € V
such that p(z) < 1. Then, there exists 0 < ¢ < 1 such that %:n e C.
Then, as C is convex, we also have t1z + (1—t)0 € C, i.e. = € C. This
proves (3.2.2).

If @ > 0, it is easy to see that p(az) = ap(z). This is the first
relation in (3.1.1). Now, let z and y € V. Let € > 0. Then

z € C and

POET Py re? ¢

Set
p(z) +¢

— p(z) +p(y) +2
so that 0 < ¢t < 1. Then, as C is convex,

1 1
z+(1—-t)———y

g p(w)+e”  p(@)+p(y) + 2

e (z+y) el

which implies that
p(z+y) < p(z)+p(y) +2

from which the second relation in (3.1.1) follows since € was chosen
arbitrarily. B

Proposition 3.2.3 Let C be a non-empty open conver set in a real
normed linear space V and assume that zg ¢ C. Then, there exists
f € V* such that f(z) < f(zo) for all z € C.
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Proof: Without loss of generality, we can assume that 0 € C. (If0 ¢ C,
let z; € C. Then we consider the convex set C — {z;} which contains
the origin and does not contain zg — z;; if f is as in the proposition, we
have f(z — z1) < f(zo — z1) for all z € C which yields f(z) < f(zg) for
alzeC.)

Let W be the one-dimensional space spanned by zg. Define g: W —
R by

g(tzo) =

Bjr definition of the Minkowski functional, since %ta:g = x9 € C, we have
that

g(tzo) = t < p(tzo)

for t > 0. Since the Minkowski functional is non-negative, this inequality
holds trivially for ¢ < 0 as well. Thus, by the Hahn-Banach theorem (cf.
Theorem 3.1.1), there exists a linear extension f of g to the whole of V
such that, for all z € V,

f(z) < p(z) < Mz

(cf. (3.2.1)) which yields |f(z)| < M||:c|| and so f is continuous as well.
Now, if z € C,

f(z) < p() < 1 = g(z0) = f(2o)
by (3.2.2) and this completes the proof. B

Theorem 3.2.1 (Hahn-Banach Theorem) Let A and B be two non-
empty and disjoint convez subsets of a real normed linear space V. As-
sume that A is open. Then, there erists a closed hyperplane which sep-
arates A and B, i.e. there exists f € V* and a € R such that

flz) £ a < f(y)
forallz € A and y € B.
Proof: Let C=A—-B={z—y |z € A,y € B}. Since
C = Uyen(4 - {y}),

we see immediately that C is both open and convex. Since A and B are
disjoint, it also follows that 0 ¢ C. Hence, by the preceding proposition,
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there exists f € V* such that f(z) < 0 for all z € C = A — B. In ether
words, f(z) < f(y) for all z € A and y € B. Choose o € R such that

:lelgf(m) <ac< ;ggf('y)-

This completes the proof. B

Theorem 3.2.2 (Hahn-Banach Theorem) Let A and B be non-
empty and disjoint convez sets in a real normed linear space V. Assume
that A is closed and that B is compact. Then A and B can be separated
strictly by a closed hyperplane, i.e. there exists f e V*, a € Rande >0
such that

f(z) < a—¢ and f(y) > a+e

forallz € A and y € B.

Proof: Let n > 0. Then, if B(0;7n) is the open ball of radius n > 0
centered at 0, then A+ B(0;7) and B+ B(0; n) are non-empty, open and
convex. Further, if 7 > 0 is sufficiently small, the two sets are disjoint
as well. If not, there exists a sequence 7, — 0 and z, € A,y, € B such
that ||z, = y»|| < 27,. Since B is compact, there exists a subsequence
Yn, Which converges to y € B. This implies then that z,, — y and,
since A is closed, y € A, i.e. y € AN B, which is a contradiction.

Thus, we can choose n > 0 such that A + B(0;7n) and B + B(0;7)
are disjoint. Then, by the preceding theorem, there exists f € V* and
a € R such that for all x € A,y € B and z; and z; in the closed unit
ball, we have

f(:c+gm) <a< f('y+gzz)-

This implies that

Ui
@+ 25l < a < ) - 21
This proves the result if we set e = || f||. W

The following corollary is very useful in testing whether a given sub-
space of a normed linear space is dense or not.

Corollary 3.2.1 Let W be a subspace of a real normed linear space V.
Assume that W # V. Then, there exists f € V* such that f # 0 and
such that f(z) =0 forallz € W.
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Proof: Let zo € V\W. Let A=W and B = {zg}. Then A is closed,
B is compact and they are non-empty and disjoint convex sets. Thus,
there exists f € V* and a € R such that for all z € W,

f(z) < a < f(zo).

Since W is a linear subspace, it follows that for all A € R, we have
Af(z) < a for all z € W. Now, since 0 € W, we have & > 0. On the
other hand, setting A = n, we get that, for any z € W,

f@) < =

whence we see that f(z) < 0 for all z € W. Again, if z € W, we also
have —z € W and so f(—z) < 0 as well and so f(z) =0forallz € W
and f(zg) >a>0. 1

Remark 3.2.1 In case of normed linear spaces over C, the conclusions
of Theorems 3.2.1 and 3.2.2 hold with f being replaced by Re(f), the
real part of f. This follows from Proposition 3.1.1. It is now easy to see
that Corollary 3.2.1 is also valid for complex spaces. For another proof
of this result, see Exercise 3.4. B

Remark 3.2.2 A topological vector space is said to be locally convex
if every point has a local basis made up of convex sets, i.e. every open
neighbourhood of each point contains a convex open neighbourhood of
that point.

The proofs of the geometric versions of the Hahn-Banach theorems
go through mutatis mutandis in the case of locally convex spaces. In
particular, Corollary 3.2.1 is also true for such spaces. For details, see
Rudin [8]. B

3.3 Vector Valued Integration

In this section we will apply the Hahn-Banach theorem to give a meaning
to integration of vector valued functions.

Let us consider the unit interval [0,1] endowed with the Lebesgue
measure. Let V be a normed linear space over R. Let ¢ : [0,1] — V be
a continuous mapping. We would like to give a meaning to the integral

/0 " olt) dt
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as a vector in V in a manner that the familier properties of integrals are
preserved.

Using our experience with the integral of a continuous real valued
function, one could introduce a partition

D=z <% €< Bpy=1

and form Riemann sums of the form’
n
D (@i — zic1)p(&)
=1

where &; € [z;—1,z;) for 1 < i < n, and define the integral (if it exists)
as a suitable limit of such sums. Assume that such a limit exists and
denote it by y € V. Let f € V*. Then, by the continuity and linearity
of f, it will follow that f(y) will be the limit of the Riemann sums of
the form

3 (@ - zi1) f(@(E)).
i=1

But since f o : [0,1] — R is continuous, the above limit of Riemann
sums is none other than

1
/0 f(o(t)) dt.

Thus the integral of ¢ must satisfy the relation

1([ oty ae) = [ reotey a (331)
for all f € V*.

Notice that since V* separates points of V' (cf. Corollary 3.1.1 and
Remark 3.1.1), such a vector, if it exists, must be unique. We use this
to define the integral of a vector valued function.

Definition 3.3.1 Let V be a real normed linear space and let ¢ : [0,1] —
R be a continuous mapping. The integral of ¢ over [0,1], denoted

fo ' olt) de,

i8 that vector in V' which satisfies (3.3.1) forall f e V*. R
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Proposition 3.3.1 Let ¢ : [0,1] — V be a continuous mapping into a
real normed linear space V. Then the integral of ¢ over [0, 1] ezists.

Proof: Since [0,1] is compact, the set H which is the closure (in V) of
the set H which is the convex hull of ©([0,1]) (i.e. the smallest convex
set containing ([0, 1])), is compact.

Let L be an arbitrary finite collection of continuous linear functionals
on V. Define

1
E; = {y €H| f(y) =f f(p(t)) dt forall fe L}.
0
It is immediate to see that Ep, is a closed set.

Step 1: For any such finite collection L of continuous linear functionals,
Ep # 0. To see this, let L = {f1,--+, fx}. Define A: V — RF by

A(z) = (fi(z),---, fi(z)).

Then A is a continuous linear transformation and so K = A(H) is a
compact and convex set. If (¢;,---,tx) € K, then, by the Hahn-Banach
theorem (cf. Theorem 3.2.2), we can find constants c;,-- -, ¢k such that

for all (uy,---,ux) € K. In particular, for all ¢t € [0, 1], we have

k k
S afilel) < 3t
i=1 =1

Integrating this inequality over [0, 1], we get

where "
my = fo filp(t)) dt.

In other words, if (t;,+--,t) ¢ K, then (¢1,---,tk) # (my,---,myg).
Thus, (my,---,mi) € K. Thus, there exists y € H such that, for
1 <i <k, we have

m;i = fi(y).
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This means that y € Er, i.e. Er, is non-empty.

Step 2. Let I be a finite indexing set and let L; be finite collections
of elements in V* for each i € I. Then L = U;erL; is still ﬁnlte and
further, since it is easy to see that

Nic1EL, = Ei,
it follows from the previous step that the class of closed sets
{Er | L a finite subset of V*}

has finite intersection property. Since H is compact, it now follows that

ML, finite subset of veEL # 0.
In particular, there exists y such that y € E(5) for every f € V*, ie. y

satisfies .
= [ o) a

for every f € V*. Thusy = fol @(t) dt. This completes the proof. B

Proposition 3.3.2 Let V' be a real normed linear space and let ¢ :
[0,1] — V be continuous. Then

[ et a] < [ 1o a -

Proof: By Corollary 3.1.1, there exists f € V* such that ||f|| = 1 and

f(y) = |ly|| where .
y = ]0 o(t) dt.

( S o t) dt)
< Jo lf(e(t)) dt
This completes the proof. i

Thus,

Il
Il

Jo fle(t)) dt

|16 oty at]
Jo lle(@)]] dt.

IA

Remark 3.3.1 Let ¢ : [a,b] — V be a continuous mapping. Define
Y :[0,1] = V by ¥(t) = ¢(a + t(b — a)). Then we can define

b 1
fa o) dt = (b a) /0 o(t) dt.
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It is easy to verify that for all f € V*, we have

1 f o(t) dt) ] 7o)

Again the result of Proposition 3.3.2 remains valid in this case as well.
Assume now that ¢ : [0,00) — V' is continuous. Assume further that

the limit
llm / p(t) dt

exists, i.e., for any sequence A\, — 0o (as n — o00), we have that the

limit
An

lim @(t) dt

n—oo 0

exists and is independent of the sequence chosen. Then we define

oo A
/ @(t) dt = lim / p(t) dt
0 A—00 Jo

and again it follows that, for all f € V*, we have

f( /0 o(t) dt) / F(e(t)) d

The result of Proposition 3.3.2 continues to hold. We can define integrals
over other infinite intervals, if they exist, in a similar manner. l

3.4 An Application to Optimization Theory

We conclude this chapter with an application of the Hahn-Banach the-
orem to optimization theory.

Definition 3.4.1 A cone in a real vector space V is a set C such that:
i) 0€eC;
(i) ifr€C and A >0, then Az € C. B

Lemma 3.4.1 Let v;, 1 < i < n be elements in a normed linear space

V. Define
n
= {Z""”" | A >0, 15?:511}.

i=1
Then C i3 a closed convex cone.



86 3 Hahn-Banach Theorems

Proof: Step 1. Clearly, C is convex since, for any 0 < ¢ < 1, we have

n

tz Aivi + (1 = 1) Z pivi = Z(t)\s + (1= t)pi)vi
i=1

I=1

=1

and so, if A; > 0 and p; > 0 for all i, we also have t\; + (1 — t)u; > 0.
Also if z € C, it is obvious that Az € C for any A > 0. Thus, C is a
convex cone.

Step 2. Assume that the v; are linearly independent. Let {w,} be a ‘
sequence in C and assume that w,, - win V. If

W = span{vy,---,vn},

then W is a finite dimensional subspace of V' and is hence closed as well.
Thus w € W. If wp, = 3 1 ATw; with A™ >0 for all 1 <4 < n and for

i=1"Y

all m, then A* — X; > 0 foreach 1 <i<nand w=3 1, A\v;. Thus
w € C and so C is closed.

Step 3. Assume now that the v; are linearly dependent. Then there
exists a linear relation between them and so we can find scalars o; such
that 37, @;v; = 0 and such that the set

J={i|1<i<n,e; <0}

is non-empty.
Let v € C be such that v = Y. ; \jv; with A\; >0 forall 1 <i < n.
Then v = 3, (A\i + ta;)v; for any t € R. Define

i = min{"ﬁ} > 0.
ieJ a;

Then, for all 1 < i < n, we have )\; + ta; > 0 and at least one of them
must vanish. Then

C = Ujerqv= Z AiV; | Ai >0 for all ‘IEI\{J}}
iel\{j}

where I = {1,2,---,n}. Each set in the union described on the right-
hand side is a cone but generated by fewer elements from V. Iterating
this procedure, we can ultimately write C as the finite union of cones
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each generated by a linearly independent set of vectors and hence, by
the preceding step, each of these cones will be closed as well. Hence C,

being the finite union of closed sets, is closed. This completes the proof.
|

Theorem 3.4.1 (Farkas-Minkowski Lemma) Let V' be a real reflez-
we Banach space and let {fo, f1,---, fn} be elements of V* such that if
for some z € V' we have f;(z) > 0 for all 1 < i < n, then fo(z) > 0 as
well. Th.;m, there exists scalars A; > 0, 1 < i <n such that

fo =Y X\ifs
=1

Proof: Let

C = {ZAif,-lz\z-zo, 15z‘5n}
=1

which is a closed convex cone in V* by the preceding lemma. Assume

that fo € C. Then, by the Hahn-Banach Theorem (cf. Theorem 3.2.2)

there exist ¢ € V** and o € R such that

@(fo) < a < ¢(f)

for all f € C. Since 0 € C, it follows that & < 0. Thus ¢(fp) < 0 as
well.

Now, since V is reflexive, there exists z € V such that ¢ = J; and
so fo(z) < 0. On the other hand, since C is a cone, for all A > 0, and
for all f € C, we have A\f € C and so p(Af) > a or, ¢(f) > a/) whence
we deduce, on letting A tend to infinity, that ¢(f) > 0, i.e. f(z) >0
for all f € C. In particular f;(z) > 0 for all 1 < ¢ < n while fy(z) < 0,
which is a contradiction. Thus fo € C and the proof is complete. l

The Farkas-Minkowski lemma is a key step in the proof of the Kuhn-
Tucker conditions which play the same role in characterizing minima in
the presence of constraints in the form of inequalities as that played by
Lagrange multipliers in characterizing minima in the presence of con-
straints in the form of equalities. While the Kuhn-Tucker conditions
are necessary in general ‘nonlinear programming’, they are necessary
and sufficient in ‘convex programming’ i.e. when the functional to be
minimized and the constraints are all given by convex functions.

Let V be a real normed linear space and let J : V — R be a given
functional. Let K C V be a closed and convex subset. Then, if J attains
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a minimum over K at u € K and if J is differentiable at u, a necessary
condition is that
J'(uw-u) >0

for all v € K (cf. Exercise 2.44). We would like to generalize this to
sets K which are not necessarily convex. To this end, we introduce the
following definition.

Definition 3.4.2 Let V be a real normed linear space and lef U C V
be a non-empty subset. Let u € U. Then, the tangent cone, denoted
C(u), at u is the union of the origin and the set of all vectors w € V
such that
(i) there ezists a sequence {ur} in U, ux # u for all k € N and
my oo U = U,
(ii)
. Uk — U w
lim = g
k—oo |lug —ul|  [lu

Remark 3.4.1 The second condition in the above definition may be
written, in an equivalent fashion, as follows:

w
up = u+ ||lug — ull m'Ftsk

where 0y - 0ask —o0. H

Remark 3.4.2 It is clear that C(u) is a cone (cf. Definition 3.4.1) since
w € C(u) implies that Aw € C(u) as well, for any A > 0 (with the
same associated sequence {u}). This is a cone (which is not necessarily
convex) with its vertex at the origin. Its translate

u+C(u) = {u+w|weC(u)},

is a cone with vertex at u. This translated cone contains the (half)
tangents at u of all curves in U which pass through u, as it is easy to see
from the Taylor expansion (at u) of the function describing the curve.
|

Proposition 3.4.1 Let U be a non-empty subset of a real normed linear
space V and let u € U. Then, C(u) is a closed cone.

Proof: Let w, € C(u) and let w, — w in V. Without loss of gener-
ality, we can assume that w # 0 (since the origin is always in C(u), by
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definition) and hence that wy, # 0 for all n. There exist 4} € U such
that uf # u for all n and such that u} — u as k — oo. Further,

ﬁ=u+wﬂmM””+W)
ﬂ.

where 0 — 0 as k — oo.
Choose a sequence {e,,} of positive reals which converges to zero as
n — co. Then, we can find positive integers k(n) such that

‘Iu:(n) _u” < &n, and ”5}:(1-;)” < én.

Consider the sequence {u}':(n)}. Clearly, u}’c‘(n) — u and “;:(n) # u for all
n. Further,

Uy = U+ |[uf, — u [ (“W" + el T )]
rn) iy = il | g (O + 5 'n” el

which shows that w € C(u) since

_ o +( W, w ) ~ 0
B T \Nwall — Jlwl

given that w, — w. This completes the proof. B

Proposition 3.4.2 Let J : U C V — R be a functional defined on a
set U of a real normed linear space V. Assume that J attains a relative
minimum at u € U and that J is differentiable at u. Then

J(uwv—-u) >0
for allv € u+ C(u).

Proof: Let v € u+ C(u). Then w = v —u € C(u). Let {u} be a
sequence in U associated to w as in the definition of C(u). Then, since
J is differentiable at u, we have

J(up) = J(w) = J'(u)(ur —u) + [lux — ullex

= e — ull (p " (w)w + I (W)b + i)

where 8y — 0 and g — 0 as k — o0o. Setting n = ||w||(J'(u)dk + €k),
we see that n — 0 as well. Since J attains a relative minimum at u, it
follows that

0 < J(u) - J(u) = Wﬁ“mem+m)
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from which it immediately follows that J'(u)w > 0, which completes the
proof. B

The above result can be used to derive optimality conditions when a
functional J is being minimized under constraints. We consider a finite
set of functionals ¢; : V — R for 1 < i < m and set

U={veV|pi(u) <0, 1<1i<m}. (3.4.1)

Of particular interest is the case when the functionals ¢; are affine linear,
i.e. there exist f; € V* and vectors d; € V for 1 < i < m such that

pi(u) = fi(u) +d; (34.2)

for 1 < ¢ < m. In this case, we have a simple characterization of the
tangent cone.

Proposition 3.4.3 Let U be as given by (3.4.1) and let the constraints
p; be affine linear, given by (3.4.2). Then, for any u € U,

Cu) = {weV| fi(w) L0, i€ I(u)} (3.4.3)

where
Iuw) = {i|1<i<m, pi(u) =0}

Proof: Notice that (cf. Exercise 2.40) ¢}(u) = fi. If ¢ € I(u), then
@; attains its maximum over U at u. Then, by Proposition 3.4.2,
@i (u)(w) <0 for all w € C(u).

Conversely, if w # 0 satisfies f;(w) < 0 for all ¢ € I(u), set ux =
u + exw where {e;} is a sequence of positive reals converging to zero.
then uy # w and uy — w. If i € I(u), then ¢;(u) < 0, and so, by
continuity, ;(ux) < O for large enough k. If i € I(u), then ¢(u) = 0
and so

pi(uk) = fi(ux —u) = exfi(w) < 0.

Thus, for k large enough, we have that u; € U. Finally we see immedi-
ately that
U — U . w
luk —ull — flwll’

Thus, it follows that w € C(u). This completes the proof. l
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Theorem 3.4.2 (Kuhn-Tucker Conditions) Let V' be a real, reflez-
wve Banach space. Let p;, 1 < i < m be as in (8.4.2) and let U be
as in (8.4.1). Let J : V — R be a functional which attains a relative
minimum at u € U. Assume that J is differentiable at u. Then, there
exist constants A\;(u) such that

() + S0 Ai(wplw) = 0 *
ST Aweiw) = 0 s (3.4.4)

Ai(u) 2 0,1<i<m. |

Proof: By Propositions 3.4.2 and 3.4.3, we have that for all w such
that j(u)w <0, ¢ € I(u), we have J'(u)w > 0. Thus, by the Farkas-
Minkowski lemma, there exist A;(u) > 0 for ¢ € I(u) such that

J(w) = = Y X(uej(w).

1€l (u)

Setting A\;(u) = O for all ¢ & I(u), we get (3.4.4). This completes the
proof. B

The above theorem can be generalized to cases when the ¢; are not
affine. In this situation, in addition to differentiability at u, we need to
assume another technical condition of ‘admissibility’ on the constraints
at u. In particular, when the constraints ¢;, 1 < i < m are all convex,
the admissibility condition reads as follows:

e either, all the ¢; are affine and the set U given by (3.4.1) is non-
empty;

e or, there exists an element v* € V such that ¢;(v*) < 0 for all
1 < i < m and p;(v*) < 0 whenever ; is not affine linear.

If J is differentiable at u and the constraints are differentiable and
admissible (at u), then (3.4.4) is a necessary condition for u to be a
relative minimum of J at . In addition, if J and the constraints ; are all
convex, then (3.4.4) is both necessary and sufficient. Interested readers
can find further details in the book Introduction a l’analyse numérique
matricielle et a l’optimisation by P.G. Ciarlet (Masson, Paris, France,
1982; English translation, Cambridge University Press, Cambridge, UK,
1989).
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3.5 Exercises

3.1 Give an example to show that the functional whose existence is
guaranteed by Corollary 3.1.1, is not unique.

3.2 A normed linear space V is said to be strictly convez if for x and
y € V such that z # y, ||z|]| = ||ly|]| = 1, we have

|

Show that the spaces ¢; and ¢, are not strictly convex, while /s is
strictly convex.

< I

1
5(-’5‘1‘!!)

3.3 If V is a normed linear space such that V* is strictly convex, show
that given a subspace W of V and a continuous linear functional f on
W, its Hahn-Banach extension to all of V' is unique. In particular, show
also that the functional whose existence is guaranteed by Corollary 3.1.1,
is unique.

3.4 Use Corollary 3.1.1 to prove Corollary 3.2.1. (Hint: consider the
quotient space V/W.)

3.5 Let V be a normed linear space and let W be a subspace of V. Let
X be a finite dimensional space and let 7' : W — X be a continuous
linear transformation. Show that there exists a continuous linear trans-
formation T : V — X which extends 7.

3.6 Let V be a normed linear space and let W be a finite dimensional
subspace. Show that there exists a closed subspace Z of V such that

V = We .

3.7 (a) Let ¢y denote the space of all real sequences which converge to
zero, equipped with the norm ||.||sc. Prove that

Ca-"'-fl.

(b) Show that
5 = .

(c) For any positive integer N, show that
(A AR
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3.8 Let V be a normed linear space and let W be a subspace of V.
Define
Wt = {geV*|g(z)=0 forall z e W}.

(a) Show that W+ is a closed subspace of V*.
(b) Let f € V*. Show that

d(f,W*) = If] wllw-

where f| ,, is the restriction of f to W and
df,WL) = mt |[f—glvs
(f, W) - If — gllv
(c) Let f € W* and let f € V* be an extension of f preserving its norm.
Define ¢ : W* — V*/W+ by
a(f) = f+wt.

Show that o is well defined and that it is an isometric isomorphism of
W* onto V*/W+.

(d) Let # : V — V/W be the canonical quotient map = +— z + W.
For f € (V/W)*, define 7(f) = f om € V*. Show that the range of 7
is equal to W+ and that the map 7 : (V/W)* — W+ is an isometric
isomorphism.

3.9 Let V be a normed linear space and let Z be a subspace of V*.

Define
Z+ = {ze€V |g(z)=0 forall ge Z}.

(a) Show that Z1 is a closed subspace of V.
(b) Show that, if W is a subspace of V, then

(Wl)i = W.
(c) If Z is a subspace of V*, show that
(Zl)l > Z.
(d) If V is reflexive and if Z is a subspace of V*, show that

(Z-L)l = Z.
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3.10 Let ¢ and % be continuous mappings from [0, 1] into a real normed
linear space V. For arbitrary scalars a and 3, show that

1 1 1
fo (ctplt) + BY(E)) dt = a fo o(t) dt + B [ﬁ W(t) dt.

3.11 Let V and W be normed linear spaces and let A € L(V,W). Let
¢ : [0,1] — V be a continuous mapping. Show that

A( fo () dt) - ]O " Alolt)) dt

3.12 Let ¢ : [a,b] — V be a continuous mapping and let ¢ € (a,b).

Show that : \
C
f p(t) dt = f w(t) dt+f o(t) dt.
a a c

3.13 Let ¢ : R — V be a continuous mapping. Let a,b,h € R. Show
that

b b+h
f ot)dt = | w(b)

+
where ¥(t) = ¢(t — h).

3.14 Let  : [0,1] — V be a continuous mapping and let ¢ € [0,1). Show
that

1 t+h
tim = [ o(0) ds = (0

3.15 Let V be a normed linear space and let T € £(V') such that ||T|| <
1. Let A > 0 and let z € V. Define

(s o]
R(z) = f e~ MT(z) dt.
0
Show that R € £(V) and that
1
< -
IRl < 5
3.16 (a) Let V be a real Banach space . Let k > 0. Define

X = {u € C([0,00); V) | a:gupe_"*ﬂu(t)”v < oo}.
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Define
lullx = supe ™ |u(t)|v.
>0

Show that X is a Banach space with this norm.
(b) Let f: V — V be a mapping. Assume that there exists L > 0 such
that

1f(u) = f()llv < Llju—vlv
for all uw and v € V., For u € X, define

¢
F(u)(t) = uo+A flu(s)) ds

where ug € V is a fixed vector. Show that F(u) € X and that, for any
u and v € X, we have

IF@) - FO)lx < Ll sllx.

(c) Deduce that, for any ug € V, there exists a unique u € C([0,00); V)
such that

¢
B = ugd f Fu(s)) ds
0
which is also the solution of the initial value problem

2 = flu), t>0
u(0) = wuo.

3.17 Let V be any vector space and let fy, fi,-- -, fn be linear functionals
on V. Let Ker(f;) denote the kernel of f;, 0 < i < n. Assume that

Ni—Ker(f;) c Ker(fo).

Show that there exist scalars a;, 1 < i < n such that

N
fo =Y aifi.
i=1

(Hint: Consider the image of the map A as defined in Section 3.3 and
apply Corollary 3.2.1 to its image.)

3.18 Let V be a real normed linear space and let K C V be a compact
and convex subset. Let C C V* be a convex cone. Assume that for
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each f € C, there exists a vector z € K (depending on f), such that
f(z) > 0. Show that there exists z € K such that f(z) > 0 for all
f € C. (Hint: For f € C, consider

K; = {s€K | f(z) > 0)

which is a non-empty closed set. Show that this collection of closed sets
has finite intersection property.)



